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ABSTRACT. It is shown in this paper that the homeomorphism group of
any compact Hilbert cube manifold is locally contractible. The proof uses
some standard infinite-dimensional techniques along with an infinite-dimen-
sional version of the torus-homeomorphism idea which was used by Edwards

and Kirby to establish a corresponding finite-dimensional result.

1, Introduction. Let the Hilbert cube be denoted by O and define a Hilbert
cube manifold (or Q-manifold) to be a separable metric space which has an open
cover by sets which are homeomorphic to open subsets of Q. Some obvious ex-
amples of Q-manifolds are (1) open subsets of Q and (2) M x Q, for any finite-
dimensional manifold M. Some nonobvious examples of Q-manifolds are provided
by the work of West [14], where it is shown that |K| x Q is a Q-manifold, for any
finite complex K.

Recent results by the author indicate that Q-manifolds might play a wider
role in topology than was first thought. In [9] it was shown that Borsuk’s notion
of shape (for compacta) could be characterized in terms of homeomorphic Q-man-
ifolds and in [10] it was shown that Whitehead’s notion of simple homotopy equiv-
alences could be characterized in terms of homeomorphisms on Q-manifolds, with
this characterization being used to give a proof of the topological invariance of
Whitehead torsion. The main idea used in this latter result was an infinite-dimen-
sional version of the torus-homeomorphism technique which was so useful in tri-
angulating finite-dimensional manifolds [13].

In this paper we also use this torus-homeomorphism technique to establish
some Q-manifold analogues of the Edwards-Kirby results concerning the local
contractibility of the homeomorphism groups of compact n-manifolds [11]. Our

main results are the following theorems.

Theorem 1. The homeomorphism group of any compact Q-manifold is locally

contractible.

Theorem 2. Let X be a Q-manifold, U CX be open, and let CCU be compact.
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If f:U—=X,tel= [0, 1], is an isotopy of open embeddings, then the restrictions
fo|C and [, |C are ambient isotopic, i.e. there exists an ambient isotopy
g X — X, tel, such that g, = idy (the identity of X) and g, ° fy={f, on C.

In [15] Wong used a coordinate-switching technique to prove that any homeo-
morphism on Q is isotopic to the identity, and it follows immediately from the
techniques of that paper that the homeomorphism group of Q is contractible and
locally contractible. Thus Theorem 1 generalizes this result of Wong. Also it is
hoped that Theorem 1 might be useful in investigating the following open question:
Is the homeomorphism group of any compact Q-manifold an ANR?

For the proofs of Theorems 1 and 2 we will have to use a considerable amount
of infinite-dimensional machinery. Some of the ideas used are (1) a version of
Wong’s coordinate-switching technique, (2) Anderson’s notion of Property Z
[1], and (3) the notion of a pseudo-boundary of a Q-manifold. In $2 we give the
basic definitions and in $3 we summarize precisely what infinite-dimensional
results are needed. Also in Lemma 3.3 we isolate the key idea of [11] which we

will need.

2. Definitions and notation. For any topological space X and A C X we use
Inty A to denote the topological interior of A in X and BdyA to denote the top-
ological boundary of A in X. When there is no ambiguity we will omit the sub-
scripts. For any finite-dimensional manifold M we use M for the boundary of M.

Let E™ denote Euclidean n-space and let B” = [- 1, 1]? C E™, In general let
B = [~ 7, 7", for 7>0. Let e: E! — S denote the covering projection given by
e(x) = exp(4mix). Let T" =S xS!x ... xS!(n times) be the n-torus and let
e"=exex---xe E?" — T" be the product covering projection.

®.1

We will use the representation Q =117, 1.,

where each I, is the closed inter-
val [-1, 1], and we let s = H;‘;llg where each 1? is the open interval (-1, 1).
The standard pseudo-boundary of Q is the set B(Q) = O\s. If X is any Q-mani-
fold, then X is homeomorphic to X x Q [2]. A set B C X is a pseudo-boundary of
X provided that there exists a homeomorphism of X onto X x 0 which takes B
onto X x B(Q). If U CX, then a function f: U — X is said to be’ B-proper pro-
vided that /"I(B) = U N B. In general a homeomorphism of X onto itself does not
have to be B-proper, and in many cases we will have to adjust the homeomorphism
so that it is B-proper. For technical reasons of this sort we will use many results
from [6] conceming pseudo-boundaries of Q-manifolds.

We will also need the notion of a Z-set, introduced by Anderson in 11. A
closed subset K of a space X is said to be a Z-set provided that given any non-
null and homotopically trivial open set U C X, U\K is also nonnull and homo-

topically trivial.
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By a map we will always mean a continuous function and for any function
f: X— Y and A CX, we use [ |A for the restriction of [ to A. All of our home-
omorphisms will be onto and when we say embedding we mean a homeomorphism
onto its image. For any space X we use idy to denote the identity of X and for
A C X we will (incorrectly) use id 4 to denote the inclusion of A in X. We will
omit the subscript when the meaning is clear. An isotopy of a space X into a
space Y is a map ¢: X x I — Y such that each level ¢: X — Y is an embed-
ding, where ¢,(x) = ¢(x, t). An isotopy is ambient provided that each level is
onto. We use g © f for the composition of maps and for isotopies ¢: X x | — X,
Y: X x 1 — X, with Y =idy, we use ¥ * ¢: X x | — X to denote the isotopy
defined by

d(x, 2t) for 0 <t <Y,

Pp(d,(x), 2 = 1) for Y3 <t <1
We call ¢ * ¢ the composition of Y and ¢.
All function spaces will be equipped with the compact-open topology, and

¢’ * ¢(x’ t):

when we say that two functions are close, we mean that they are close in the
compact-open topology. For any space X and K C X we let H(X, K) denote the
space of all homeomorphisms h: X — X which satisfy »|K =id. If X is a Q-man-
ifold and B is a pseudo-boundary of X, then H} (X, K) will denote the space of
all homeomorphisms b: X — X which satisfy b |K = id and »(B) = B. When there
is no ambiguity we will omit the subscript. We remark that if X is any (-manifold,

then H(X) is a topological group [3].

3. Some basic lemmas. In this section we describe some results concerning
homeomorphism groups of O-manifolds which will be used in the sequel. The first
result establishes the contractibility of certain homeomorphism groups. It is used

in the proof of Lemma 4.1.

Lemma 3.1. If KCQ is a Z-set and B is a pseudo-boundary of Q, then
HE (0, K) contracts to idQ. Moreover idQ is fixed at each level of the contrac-

tion.

Proof. W. Barit has shown that H(Q, K) contracts to idg (see Theorem 7.11
(2) of [4]). The technique used there applies equally well to prove that
H’E(Q)(Q, K) also contracts to idQ. There exists a homeomorphism of Q onto

itself which takes B onto B(Q). Thus there exists a map
¢: H% (0, K) x I — H%(Q, K)

which satisfies ¢,(h) = b and ¢,(h) = idg, forall he H%(0, K). Then define
Y: HE(Q, K) x I — HE(Q, K)
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by setting ¢,(b) = [¢,Gd )1~ ! © ¢,(b), for all b€ HE(Q, K) and ¢ € L Note that
Yolb) = b, ¢, (b) = id, and !ﬁl(idQ) =id, for all b and t. Moreover it follows
that ¥ is continuous, since H}(Q, K) is a topological group.

The following result is also used in the proof of Lemma 4.1. It is a canonical

homeomorphism extension theorem for Z-sets in Q-manifolds.

Lemma 3.2, Let X be a Q-manifold, B be a pseudo-boundary of X, and let
H, KC X be compact Z-sets such that H CK, If b: K — X is a B-proper embed-
ding such that b(K) is a Z-set and b |H = id, then b can be chosen sufficiently
close to idy so that there exists an ambient isotopy $: X x I — X such that

(1) @ depends continuously on b,

(2) ¢y =id and ¢, ° b =idy,

(3) ¢,=1id forall t if b =id,

(4) ¢B) =B and ¢,|H = id, for all t.

Proof. It follows from Theorem 5.1 (2) of [8] that b can be chosen suffi-
ciently close to id so that an ambient isotopy ¢: X x I — X exists which satis-
fies (1), (2) and the first part of (4). We merely remark that one can construct ¢
to additionally satisfy (3) and the last part of (4) by making some slight adjust-
ments on the proof given in [8].

We will need one more result in the proof of Lemma 4.1, It is essentially
Lemma 8.1 of [11], and in fact it can be proven by multiplying everything by X
which is used in the proof given there. For this reason we omit the proof.

Lemma 3.3. Let X be a compact connected metric space, K and B be sub-
sets of X, and let b: X x By — X x E" be an embedding such that h(X x Int BY)
is open in X x E", b|K x B" =id, and b~ B x E") = B x B%. Then b can be
chosen sufficiently close to id so that there exists a homeomorphism b: X x T" —
X x T® which satisfies the following properties.

m b depends continuously on b,

(2)h|XxT"=id and KB x T") =B x T",

(3) b=id if b =id,

(4) the following diagram commutes:

Xx T2 X xT"
id x e"‘ l id x e"
X x BY b, X x E"
We will need the following result in the proof of Theorem 1.

Lemma 3.4. Let X be a Q-manifold and let B be a pseudo-boundary of X.
Then there exists a map ¢: H(X) x | — H(X) such that ¢y(b) = b and é,(b) €
H%(X), for all b € H(X) and t €(0, 1), and ¢ (id) = id for all ¢.
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Proof. It follows from [6] that there exists a homeomorphism of X onto
X x Q which takes B onto B; = X x 0, x 0, where Q, = ﬂ{lil i odd} and

o= {(xz.) € H{Ii | i even}| x; = 0 for i sufficiently large} .

Thus all we need to do is construct a map ¥: H(X x Q) x I — H(X x Q) which
satisfies Y,(b) = b and ¥ (b) € H} 1(X x 0), for all b € H(X x Q) and ¢t €(0, 1],
and ¢ (id) = id for all ¢ But this is essentially Lemma 7.1 of [8].

We will need the following result in the proof of Theorem 2.

Lemma 3.5. Let X be a Q-manifold, B be a pseudo-boundary of X, U C X be
open, and let h: U — X be an open embedding. Then there exists an ambient iso-
topy ¢: X x I — X such that ¢, =id and ¢, © b is B-proper. Moreover we can

construct ¢ so that ¢, © b is as close to b as we wish.

Proof. It is easily seen that (U N B) and »(U) N B are pseudo-boundaries
of h(U) and therefore there exists an ambient isotopy ¢: X x I — X such that
¢y =id, ¢,(U N B)) = 5(U) N B, and ¢t|X\b(U) =id for all ¢ (see [6]). More-
over ¢ can be constructed so that ¢, © b is arbitrarily close to h. It is obvious

that ¢, °h is B-proper.

4. A special case. The following result is an essential step in the proof of

Theorem S.1. It is an infinite-dimensional analogue of Lemma 4.1 of [11].

Lemma 4.1. Let KCQ be a Z-set and let h: Q x B — Q x E" be an embed-
ding such that h(Q x Int BY) is open, b | K x BY = id, and b~ UB(Q) x E") =
B(Q) x B%. If b is sufficiently close to id, then there is an ambient isotopy ¢:
Ox E®" x1 — Q x E™ such that the following properties are satisfied:

(1) ¢ depends continuously on b,

(2) ¢y =id and p;° bh|Q x B” = id,

(3) ¢,=id forall ¢t if h=id, and

(4) ¢ ,(B(Q) x E™) = B(Q) x E" and ¢, | (K x E™) U (Q x (E™\Int B7)) =id
for all t.

Proof. For b sufficiently close to id we will construct a homeomorphism
g: O x B} — 0 x BY such that (1) g depends continuously on b, (2) g|Q x B" =
h|QxB" (3) g=id if h=id, and (4) g(B(Q) x BY}) = B(Q) x BY} and g |(KxB?)
U(Q x Bd B%) = id. Our required isotopy ¢ will then be defined by appealing to
Lemma 3.1. In the accompanying diagram we have indicated the maps involved in
the construction of g.

Using Lemma 3.3 we can choose b close enough to id so that there exists a
homeomorphism 4,: Q x T" — Q x T™ such that (1) b, depends continuously on b,
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(2) by |Kx T"=id and 5,(B(Q) x T™) = B(Q) x T", (3) b, = id if b = id, and (4)
the lower rectangle in the accompaning diagram commutes.

Standard covering space theory implies the 4, can be lifted to a homeomor-
phism 5,: Q x E™ — Q x E™. If b, is sufficiently close to id, then we can con-
struct b, to depend continuously on 5. To see this let Us(x) denote the open
S-neighborhood of x in E” and note that e” | U,(x) is an embedding for all x in
E", 1f b, is sufficiently close to id, then

h1(Q x e™(U,(x))) CQ x e™(U,(x)),

for all x € E". Then we define b,: 0 x E”" — O x E” by requiring

byl Qx Uyx) = [Gid x e [(Q x Uy(xN]=1 0 by o (id x e™) | Q x U,(x),
for all x € E". We note that b, is a homeomorphism such that (1) b, depends
continuously on by, (2) h,|K x E" = id and 5,(B(Q) x E™) = B(Q) x E™, (3)
h,=id if by =id, and (4) the second rectangle in the accompanying diagram
commutes. From the commutativity of the first and second rectangles we get
h,|Qx B} =h|Q xB%. Let d; be-any metric for Q and define a metric 4 on
0 x E™ by

d((xl' }'1)9 (xzo )’2)) = d(xl’ xz) + n)’x - )’2"'

Then it follows that b, is bounded, that is the set {d((x, y), b(x, )| (x, y) €
Q x E™} is bounded above. This will be needed for the construction of g;.
Q x B';

/ i.'

&
oxB]  ——1 ———~ oxB1

a a

C(Q x B al C(Q x B7)

. -1
idx y~! id x ¥

QxE" 0 xE"

idx e idx e”

I ————  OxE"
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Now let C(Q x B';) = (0 x Int B’;) UBd B’ and define p: Q x B — C(QxB';)
by

(x, y) for y €lnt BY,
plx, y) =
y for y € Bd B'; .

Give C(Q x B%) the identification topology determined by p and let y: Int B} —
E™ be a radial expansion which satisfies y|B7 =id. If b, is sufficiently close
to id we have 5,(0 x B’Ii.s) C O x B”. Then define g;: Cc(Q x B's') — C(Q x Bg)

by

id on Bd B7,
817

(id x )"t oh,o(dxy on QxInt BY
Since b, is bounded it follows that g, is continuous, therefore a homeomorphism.
It also follows that (1) g, depends continuously on b,, (2) g, | K x Int B"3 =id and
g1(B(Q) x Int B}) = B(Q) x Int BY, (3) g, =id if b, =id, (4) g, |0 x B} 5 =
h|Q x B s, and (5) the third rectangle in the accompanying diagram commutes.
This completes the construction of g;.

We now need a homeomorphism a: Q x B’; — C(0 x B'3') which satisfies
alQ x B% = id and a(B(Q) x Int BY) = B(Q) x Int B}. Let C(Q x [-3, 3] =
(0 x (=3, 3)) U3, 3} and define ¢: Q x [~ 3, 3] — C(O x [- 3, 3] by 4lx, y) =
(x, y), for y €(=3,3),and qlx, y) =y, for y == 3, 3. Give C(Q x [- 3, 3]) the
identification topology determined by ¢. There are standard techniques for finding
a homeomorphism fB: 0 x [- 3, 3] — C(Q x [~ 3, 3]) which satisfies 8]0 x [-2,2]
= id. One way to see this is to regard 4(Q x [2, 3]) as the cone over Q and
q(Q x [~ 3, - 2]) as the cone over Q, and then apply the well-known theorem that
Q is homeomorphic to its own cone. The necessary details can be dug out of 1]
Now let L C Bg be the intersection of a line through the origin with 3'3'. Then L
meets Bd Bg’ in exactly two points. Applying the comments made above to each
such Q x L we can construct a homeomorphism a;: Q-x B'; — C(Q x B';) so that
a,]|Q x B =id.

The next step is to obtain a homeomorphism a,: C(Q x B%) — C(Q x BY)
which modifies @, so that a,|Q x B} =id and @, © a,(B(Q) x Int B’;) = B(0Q) x
Int B’;. If a, is so constructed, then a = a, © a; will fulfill our requirements.
To construct @, we note that X, =0 x (B';\Int B%)and X, = C(Q x B';)\(Q x Int BY)
are compac: Q-manifolds and a;(X,) = X,. Moreover we see that B = B(Q) x
(Int B';\Int B") is a pseudo-boundary of X, and of X,. Thus al(B) is a pseudo-
boundary of X, and we can use [6] to find a homeomorphism ZZ: X,—X,
which satisfies '52 o al(B) = B and 32 |0 x Bd B'; = id. Then extend @, by the

identity to a homeomorphism a.,: C(Q x B%) — C(Q x B%) to fulfill our requirements.
y 2 3 3



234 T. A. CHAPMAN

lFor g sufficiently close to id we define g,: O x B} — 0 x B by g, =
a”" ©°g)oa and note that (1) g, depends continuously on g,, (2)
gz(B(Q)xlm B'3') = B(Q) x Int B% and g, | K x B% =id, (3) g, =id if g = id, (4)
8219 xBY s=h|Qx B}, and (5) the upper rectangle in the accompanying
diagram commutes. This completes the construction of g,. We note that the con-
dition
g, | (K x (BZ\Int B) U (Q x Bd BY?) = id

may not necessarily be satisfied. The purpose of g is to remedy this defect.
Put

A = (K x (B}\Int B} J)) U(Q x Bd B ) U (Q x Bd B})

and note that A is a compact Z-set in the compact Q-manifold X = Q x

(B3\Int B ). Define f: A — X by /|QxBd B} 5 =idand f|(Kx (Bj\Int B ,)
U (0 xBd B}) =g, | (Kx (B';\Int B% ) U (Q x Bd BY). Note that { depends con-
tinuously on g,, f=id if g, =id, f(A) is a Z-set, and { is an embedding if g
is sufficiently close to id.

Now put B, = B(Q) x (Int B’;\ B 5), which is a pseudo-boundary of X. More-
over we note that if g, is sufficiently close to id, then f is B -proper. Using
Lemma 3.2 we can choose / sufficiently close to id so that there exis&s a home-
omorphism f: X — X such that (1) / depends continuously on /, 2) [ extends f,
(3) / =id if [=id, and (4) f(B,) = B,. Extend [ by the identity to a homeomor-
phism f;QxB';—onBg and define g: Q x B} — Q x B7 by g=f'l°g2. We
note that for g, sufficiently close to id we get g|Q x B" = b |Q x B".

Let C = (K x B}) U(Q x Bd BY), which is a Z-set in Q x B}, and let B, =
B(Q) x BY, which is a pseudo-boundary of 0 x BY. Using Lemma 3.1 there exists
an isotopy ¢: 0 x By x I — 0 x B’\g such that (1) ¢ depends continuously on g,
(2) ¢, i,id and ¢, © g=id, (3) ¢‘[|C= id and ¢I(BZ) = B, for all ¢. Then
extend ¢ by the identity to an isotopy ¢: O x E” x I — Q x E", It is easy to see

that ¢ fulfills our requirements.

5. The main result. We now state and prove the strongest theorem of this
paper. The idea of the proof is to reduce the problem so that repeated applications

of Lemma 4.1 can be used.

Theorem 5.1. Let X be a Q-manifold, B be a pseudo-boundary of X, U CX
be open, and let K CU be compact. If b: U— X is a B-proper open embedding,
then b can be chosen sufficiently close to id so that there exists an ambient
isotopy ¢: X x | — X which satisfies the following properties.

(1) ¢ depends continuously on b,

(2) ¢y =id and ¢, ° h|K =1id,
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(3) ¢,=1id forall t if b=
(4) ¢,B) =B and ¢, |x\u 1d for all 1.

Proof. The open embedding theorem of [7] implies that X has two coordinate

neighborhoods, i.e. there exist open subsets V, V, of X such that X =V, UV,
and theremexist open embeddingsmal: Vi—=0,a,V,—=0. Chgvose compact sets
K, K,, K, K, such that K, UK, CU, K=K, UK, K, CInt(K)CK v, for
i=1, 2 and put K K UK,. We will construct amblent isotopies $l: X x I —
X and ¢2. Xxl—X such that & =@ % ¢! fulfills our requirements. We will
only give the details for $2, as the construction of ¢ is just a special case of
the construction of ¢. Thus we assume that we have an ambient isotopy qSl:
X x1 —-v'\JX such that (1) ¢1 depends continuously on 5, (2) ¢é =id and
$1oh|K =id (3) ¢! =id forall ¢ if h=id, and (4) $}(B) =B and ¢!|X\U=
id for all ¢, o

Note that az(U N V2) is an open subset of Q which contains az(Kz)' Choose

an integer n such that
~
a,(K))CCxQ,CGx0Q,Ca,lUnV,),

l=n+llz We can

find a compact n-manifold M such that C C IntGM CMCG and M is a piecewise

where C CII?_ 1, is compact, G CII?_,I, is open, and Q, = II7;

linear (PL) subspace of Tl"_l We now use the apparatus of [6] to adjust a,.
From [6] it follows that B; = a,(B Na;'(M x Q,)) and B, = M x B(Q,) are
pseudo-boundaries of M x Q. Thus there exists a homeomorphism o: M x 0, —
Mx Q) such that o|BdgM x 0, = id and o(B,\(Bd M x 0,)) = B,\(Bd M x 0,).
Nowput a2_0° a2|a“1(MxQ ), H =0 (K r'\CL'I(M x 0,)), and H-
a (K N a T x Q ). For b sufﬁcxently close to id we can define an tmbeddmg
g H — M x O, by setting g = a 2 $plopoas! |H It follows that g~ '(MxB(Q,))
-Hﬂ(MxB(Q ), g|(Bd Mx Q, )ﬂH =1id, and g =id if b = id. Note also that
g(H) ClInt g(H) For g sufficiently close to id we will construct an ambient iso-
topy a; M x % xI—Mx0, su'c»h that (1) ¢ depends continuouslymon g (2)
b, = id and $1°glH=id, 3) $,=id forall ¢if g=id, and (4) ¢, x BO,))
=Mx B(Q ) and ¢1|Bd M x Q, =id forall t. Once ¢ is constructed we can then
define ¢2: X x I — X by setting

id on X\@7;'Mx0)),

~ ~ ~
aEICgbto a, on a (MxQ)

~
Thus the entire problem reduces to the construction of qS. We will construct ¢

as the composition of isotopies ¥ and 0.
1. Construction of Y. We will construct an ambient isotopy ¥: M x Q; x | —
M x Q, such that (1) ¢ depends continuously on g, (2) ¥, =id and ¥, og|V=id,
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where V CM x O, is a neighborhood of (oM x Ql) NH, (3) lllt =id for all ¢ if
g =id, and (4) l/lt(M x B(Q,)) =M x B(Q,) and Y,|Bd Mx Q) =id forall t. We
construct ¥ as the composition of isotopies ¢! and t/lz&

For the construction of ¢! let A = (Bd M x 0,) U(H N (M x Q,)), which is
clearly a Z-set in M x Q. Let f: A — M x O, be defined by f |Bd M xQ, =id
and f|HN(MxQ,)=¢g|HN(MxQ,). Then f(A) is a Z-set in M x O, and
f(An(MxB(Q,) =f(A) N (M x B(Q,)). Using Lemma 3.2 we can choose [ suf-
ficiently close to id so that there exists an ambient isotopy l/llt MxQ,xI—

M x Q, such that (1) Y1 depends continuously on f, (2) '/lé =id and x/;} °of=id,
(3) ¢! =id for all ¢ if f=id, and (4) ¢;(M x B(Q))) = M x B(Q,) and ¥/} | Bd Mx
Q, =id for all &

For the construction of 2 we use a modification of the technique of Propo-

sition 3.2 of [11]. To simplify notation we assume that n was chosen large enough

so that there exist compact sets D, D, CM such that

HCDlelC(Int Dz)xQICDZxQICIntH.

Since OM has a collared neighborhood (see [5]), we can find an embedding
~

B: (D, NoM) x [0, 1] — Inc H
such that Blx, 0) = x, for all x €D, N M, and D, N M Clac B((D, NdM)x[0, 1]).
Choose g sufficiently close to id so that we have

BUD, NoM) x [0, 11) C (] © g)~ H(Int H).
Let 7: D, n oM — [0, 1] be a map such that 7(x) =1, for x € D; NOM, and 7(x)=0,
for x € Bd 5,(D, N IM). For 0 <t <1 let
={B(x, s)| x € D,n oM, 0 < s < tr(x)}

and define y,: Nt\Int N,;, — N, to be the unique homeomorphism which linearly
stretches fibers over boundary points, i.e. y, © Blx, s) = Blx, 2(s -t - 7(x)/2)),
for Blx, s)€ Nl\lnt N,;, Extend y, by the identity to a homeomorphism & :

M\ Int N,;, — M. Then define 1/12: MxQ,xI—MxQ, by

(l/llo =1 on Nz/ZXQl’
lﬁtz = (l/ll og)lo (5" x id) © (l/ll og) (8, xid) on (1/11 og)” l(H)\(Nl/2 x0,),
id on (Mx Q) )\W] o )~ 1(H).

Note that ¥ is an ambient isotopy such that (1) ¥? depends continuously on
g (2) !/lo =id and l/l2 l//l g|V =id, where VCM x Ql is a neighborhood of
(D, N IM) x Ql,(3) l,ll =id for all ¢t if g = id, and (4) l/l 2(M x B(Q,)) = M x
B(Ql) and (/It | Bd M x Q,=id forall & Then l// l/lz l/! clearly fulfills our re-

quirements. For notation we let g, = ¢ ©
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2. Construction of 6. We will inductively apply Lemma 4.1 to an appropriately
chosen handlebody cover of D,. Since M is PL we can find a sequence

XoCX,C--CX  ClatD,

of compact PL submanifolds of M such that X is a neighborhood of D, N dM
which lies in V, X, is a neighborhood of D, and each X, , is obtained from
X, by adding disjoint handles of index i to X . To be more precise, there exist
PL embeddings /;:: B'x E™"" 1 _Int D,, for 1 <j<m, such that the following
properties are satisfied: '

1) /x (B'x E"") N /‘ (B'x E"™") =& for j; # i,

@ X, = X, UU™, [i(B  B79),

(3) /;.((Int B’) x B"~ ') CX,,,\X, forall j,

(4) fi(Bd BY) x B"™") C 9X \OM for all j.
The construction of the handlebody cover is standard (for example see (12, p. 224]).

Since each /O(B x E™) x Q1 is an open set lying in H, we can apply Lemma
4.1 successively to each IO(B x E") x Q, (with K =g). Thus for g, sufficiently
close to id we can construct an ambient xsotopy 6% M x O, xI—MxQ, such
that (1) 6° depends continuously on g, 00 =id and 91 °g X, x0,=1id (3
07 =id forall ¢ if g, =id, and (4) 6%(M x B(Q,)) = M x B(Q,) and 6 | Bd M x
0, =id forall &

The next step is to successively apply Lemma 4.1 to each of / LB x En~1)«
0, (with B! x Q, identified with O and Bd B! x Q, identified thh K). Thus
for g, sufficiently close to id we can construct an ambient isotopy 0': M x 0, x
I —Mx Q, such that (1) 6! depends continuously on g;, (2) 9(1) = id and
010600g,1X,x0Q,=id, 3 6} =id forall ¢ if g, =id, and (4) 6](M x B(Q,))
=M x B(Q,) and 0] |Bd Mx Q,=id forall ¢

In this manner we can inductively construct isotopies 0°, 6!, ..., 6" such
that 0 = 0" * ... x 0° satisfies (1) 0 depends continuously on g, (2) 0,=1id
and 0, °g,|X ,xQ =id, 3) 0, =1id forall ¢ if g, =id, and (4) 6,(MxB(Q,))
=MxB(Q,) and 0,|Bd Mx Q; =id forall ¢

Thus ¢ =60 * ¢ is an ambient isotopy of M x Q which fulfills our require-

ments.

6. Proofs of Theorems 1 and 2. Let X be a compact Q-manifold. Since H(X)
is a topological group all we need to do to prove Theorem 1 is show that there
exists a neighborhood U of id in H(X) and a map ¢: U x I — H(X) such that
@ob) = b, $,(b) = id, and ¢t(id) =id forall h €l and t€l. To construct ¢ we
let B be a pseudo-boundary of X and use Lemma 3.4 to get a map ¢: H(X) x | —
H(X) such that ¥o(h) = b and ¥ (b) € HE(X), for all b € H(X) and ¢ € (0, 1], and
!,l't(id) =id for all t. It follows from Theorem 5.1 that there exists a neighborhood
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O of id in H%(X) and a map 6: O x1 — H%(X) such that 6(b) = b, 6,(h) = id,
and Ol(id) —id forall he® and ¢ € 1. Choose a neighborhood U of id in H(X)
and € in (0, 1) so that «/zt(b)elﬁ, forall h €U and 1 €0, €]. Then define ¢:
U x 1 — H(X) by

¥ (k) for 0 <2<,

# (b) =

0(!/16(}1), (¢-€/(1-¢€) for e<t<l.
It is clear that ¢ fulfills our requirements.

Before proving Theorem 2 we will consider a special case. Let X be a
Q-manifold, G C X be open, and let K C G be compact. We will show that if 5:

G — X is an open embedding which is sufficiently close to id, then id, and b |K
are ambient isotopic. To see this let B be a psepdo-boundary of X and let

I*(G, X) denote the space of all B-proper open embeddings of G into X. Using
Theorem 5.1 there exists a neighborhood U of id in I*(G, X) such that if g € U,
then idy and g|K are ambient isotopic. Let I(G, X) denote the space of all
open embeddings of G into X and let 0 be a neighborhood of id in I(G, X) such
that ® N 1%G, X)=U. 1f b€, then Lemma 3.5 implies that there exists a g €U
such that b | K and g|K are ambient isotopic. Since g|K is ambient isotopic to
idy it follows that b | K is ambient isotopic to idy, as we wanted.

Passing to the general case we have a Q-manifold X, an open set U C X, a
compact set C C U, and an isotopy of open embeddings f,: U — X, t € 1. Choose
any ¢, €I and let G = /”(U), K=/, (C) Then the special case treated above
implies that if ¢ €1 is sufficiently close to ¢y, thea f, © / 1| K is ambient iso-
topic to idx. Thus we can choose a partition 0 =1, <1, < cee <t _y<t,=1of
I so that for each 7, 0 < i <7 -1, there exists an ambient isotopy ¢": X x [ — X
such that ¢} = id and qS' |/, (C) f,. /"llf (C). Then put g = ¢"~ ! *
¢'1' ...*¢1*¢ andnotethatgo-ld gl°/0|C fi1€.
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